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Many observers see geometric visual hallucinations after taking hallu-
cinogens such as LSD, cannabis, mescaline or psilocybin; on viewing
bright ickering lights; on waking up or falling asleep; in near-death
experiences; and in many other syndromes. Klaver organized the images
into four groups called form constants: (I) tunnels and funnels, (11) spirals,
(1) lattices, including honeycombs and triangles, and (1) cobwebs. In
most cases, the images are seen in both eyes and move with them. We
interpret this to mean that they are generated in the brain. Here, we sum-
marize a theory of their origin in visual cortex (area V1), based on the
assumption that the form of the retino cortical map and the architecture
of V1 determine their geometry. (A much longer and more detailed math-
ematical version has been published in Philosophical Transactions of the
Royal Society B, 356 [2001].)

We model V1 as the continuum limit of a lattice of interconnected hy-
percolumns, each comprising a number of interconnected iso-orientation
columns. Based on anatomical evidence, we assume that the lateral con-
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nectivity between hypercolumns exhibits symmetries, rendering it in-
variant under the action of the Euclidean group E(2), composed of re-

ections and translations in the plane, and a (novel) shift-twist action.
Using this symmetry, we show that the various patterns of activity that
spontaneously emerge when V1 s spatially uniform resting state becomes
unstable correspond to the form constants when transformed to the vi-
sual eld using the retino-cortical map. The results are sensitive to the
detailed speci cation of the lateral connectivity and suggest that the
cortical mechanisms that generate geometric visual hallucinations are
closely related to those used to process edges, contours, surfaces, and
textures.

1 Introduction

Seeing vivid visual hallucinations is an experience described in almost all
human cultures. Painted hallucinatory images are found in prehistoric caves
(Clottes & Lewis-Williams, 1998) and scratched on petroglyphs (Patterson,
1992). Hallucinatory images are seen both when falling asleep (Dybowski,
1939) and on waking up (Mavromatis, 1987), following sensory depriva-
tion (Zubek, 1969), after taking ketamine and related anesthetics (Collier,
1972), after seeing bright ickering light (Purkinje, 1918; Helmholtz, 1925;
Smythies, 1960), or on applying deep binocular pressure on the eyeballs
(Tyler,1978),in near-death experiences (Blackmore, 1992), and, most strik-
ing, shortly after taking hallucinogens containing ingredients such as LSD,
cannabis, mescaline, or psilocybin (Siegel & Jarvik, 1975). In most cases,
the images are seen in both eyes and move with them, but maintain their
relative positions in the visual eld. We interpret this to mean that they are
generated in the brain. One possible location for their origin is provided by
fMRI studies of visual imagery suggesting that V1 is activated when human
subjects are instructed to inspectthe ne details of an imagined visual object
(Miyashita, 1995). In 1928, Klaver (1966) organized such images into four
groups called form constants: (1) tunnels and funnels, (I1) spirals, (111) lat-
tices, including honeycombs and triangles, and (IV) cobwebs, all of which
contain repeated geometric structures. Figure 1 shows their appearance in
the visual eld. Ermentrout and Cowan (1979) provided a rst account of
a theory of the generation of such form constants. Here we develop and
elaborate this theory in the light of the anatomical and physiological data
that have accumulated since then.

1.1 Form Constants and the Retino Cortical Map. Assuming that form
constants are generated in partin V1, the rst step in constructing a theory
of their origin is to compute their appearance in V1 coordinates. This is
done using the topographic map between the visual eld and V1. Itis well
established that the central region of the visual eld has a much bigger
representation in V1 than does the peripheral eld (Drasdo, 1977; Sereno
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Figure 1: Hallucinatory form constants. (I) Funnel and (lI) spiral images seen
followingingestion of LSD (redrawn from Siegel & Jarvik, 1975), (111) honeycomb
generated by marijuana (redrawn from Siegel & Jarvik, 1975), and (IV) cobweb
petroglyph (redrawn from Patterson, 1992).

et al., 1995). Such a nonuniform retino-cortical magni cation is generated
by the nonuniform packing density of ganglion cells in the retina, whose
axons in the optic nerve target neurons in the lateral geniculate nucleus
(LGN), and (subsequently) in V1, that are much more uniformly packed.
Let rr D frg, hrg be the (polar) coordinates of a point in the visual eld and
r D fx, yg its corresponding V1 coordinates. Given a retinal ganglion cell
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packing density rg (cells per unit retinal area) approximated by the inverse
square law,

1

rR D —mm—,
(wo C 2rg)?

(Drasdo, 1977), and a uniform V1 packing density r, we derive a coordi-
nate transformation (Cowan, 1977) that reduces, suf ciently far away from
the fovea (when rr ~ Wo/2) to a scaled version of the complex logarithm
(Schwartz, 1977),

1
a 2 bhr
XD —=In —r , D —, 1.1
2 Wo R y 2 ( )

where wp and 2 are constants. Estimates of wg D 0.087 and 2 D 0.051 in
appropriate units can be obtained from Drasdo s data on the human retina,
and a and b are constants. These values correspond to a magni cation fac-
tor of 11.5 mm/degrees of visual angle at the fovea and 5.75 mm/degrees
of visual angle at rr D wp/2 D 1.7 degrees of visual angle. We can also
compute how the complex logarithm maps local edges or contours in the
visual eld, that is, its tangent map. Let wg be the orientation preference of
aneuron in V1 whose receptive eld is centered at the point rg in the visual

eld, and let fr, wg be the V1 image of frg, wrg. It can be shown (Wiener,
1994; Cowan, 1997; Bressloff, Cowan, Golubitsky, Thomas, & Wiener, 2001)
that under the tangent map of the complex logarithm, w D wgr i hr. Given
the retino-cortical map frg, wrg ¥ fr, wg, we can compute the form of loga-
rithmic spirals, circles, and rays and their local tangents in V1 coordinates.
The equation for spirals can be written ashg D aln[rg exp(ib)] C ¢, whence
y i ¢ D a(x i b) under the action rr ¥ r. Thus, logarithmic spirals be-
come oblique lines of constant slope a in V1. Circles and rays correspond to
vertical (a D 1) and horizontal (a D 0) lines. Since the slopes of the local
tangents to logarithmic spirals are given by the equation tan(wg i hr) D a,
and therefore in V1 coordinates by tanw D a, the local tangents in V1 lie
parallel to the images of logarithmic spirals. It follows that types | and 11
form constants corresponding to stripes of neural activity at various angles
in V1 and types Ill and IV to spatially periodic patterns of local tangents
in V1, as shown in Figure 2. On the average, about 30 to 36 stripes and
about 60 to 72 contours are perceived in the visual eld, corresponding to
a wavelength of about 2.4 to 3.2 mm in human V1. This is comparable to
estimates of about twice V1 hypercolumn spacing (Hubel & Wiesel, 1974)
derived from the responses of human subjects to perceived grating patterns
(Tyler, 1982) and from direct anatomical measurements of human V1 (Hor-
ton & Hedley-Whyte, 1984). All of these facts and calculations reinforce the
suggestion that the form constants are located in V1. It might be argued that
since hallucinatory images are seen as continuous across the midline, they
must be located at higher levels in the visual pathway than V1. However,
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Figure 2: (a) Retino-cortical transform. Logarithmic spirals in the visual eld
map to straight lines in V1. (b, ¢) The action of the map on the outlines of funnel
and spiral form constants.

there is evidence that callosal connections along the V1/V2 border can act
to maintain continuity of the images across the vertical meridian (Hubel &
Wiesel, 1962). Thus, if hallucinatory images are generated in both halves of
V1, as long as the callosal connections operate, such images will be contin-
uous across the midline.






